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ABSTRACT:  

Recent catastrophic events have aroused great interest in the 
scientific community regarding the evaluation and prediction of the 
structural response along the life cycle of infrastructures. Efforts are 
put into developing adequate health monitoring systems to help 
prevent future human life and economic losses. Here, two non-
destructive damage detection methods are presented: the 
Frequency Response Function-based and the Spectral Density 
Function-based methods. The damage detection performance of 
both methods is compared through a particular case study, where 
different damage scenarios are analyzed in a 2D truss bridge. The 
reliability of each method is studied in terms of different prediction 
errors. Numerical results show that the PSD method for damage 
detection on a steel truss bridge structure provides more accurate 
and robust results when compared to that based on FRF. 

Keywords: Structural Health Monitoring, Power Spectral Density 
Function, Frequency Response Function, Construction, Structures, 
Damage detection, Non-destructive 
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1. - INTRODUCTION  

The deterioration of the existing infrastructure has become a severe concern in developed countries. More than 30% of construction 
activity is currently related to the maintenance and refurbishment of damaged structures [1], revealing infrastructure maintenance and 
improvement as a significant source of long-term impacts [2]. As a result, while there is much interest in optimal structure design to 
reduce construction costs [3-5], structural deterioration mitigation has become a focus of many researchers aiming to provide optimal 
maintenance strategies to reduce life cycle costs [6-8].In such a context, information regarding damage detection and location has 
been crucial to increasing the accuracy of damage prediction methods assumed in maintenance optimization.  

Actual trends in health monitoring of structures rely on the dynamic response variations associated with structural systems when 
deteriorated. Dynamic properties such as mass, stiffness, and damping may assist in identifying the location and extent of damage to 
structures according to non-destructive damage detection for numerical model updating in a structure [9-11]. Recently, some 
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investigations have used or assessed the reliability and performance of dynamic techniques, either numerical or experimental, for non-
destructive damage detection in steel, concrete, or composite structures. Some dynamics and vibration-based damage detection 
methods were evaluated by some researchers, such as: frequency response functions [12, 13], power spectral density [10,14], natural 
frequencies [15, 16], measured modal flexibility [17, 18], modal strain energy [19, 20], mode shapes [21]. Some researchers have used 
these methods individually or combined two or more [22-24]. Also, to compare the performance of these methods of identifying 
damage, some of these methods have been compared [25-28]. One of the most important ways to help engineers and experts choose 
and use the best method for the situation and type of structure is to compare the methods for diagnosing failure in different types and 
shapes of structures.  Frequency response function (FRF) and power spectral density (PSD) methods are two common and popular 
methods based on the signal in damage detection. Comparing the performance and ability of these two methods in different conditions 
and structural shapes can be helpful information to researchers and engineers for selecting and using each of these methods in their 
studies. 

In this regard, researchers on the FRF-based method followed some purposes. A structural model updating method based on FRF 
data and observed natural frequencies of the damaged structure was investigated according to the sensitivity equations to decrease 
model update nonlinearity. These sensitivity equations were also solved using Least Squares, non-linear [29], and linear [30]. The 
capacity of the FRF approach was evaluated in a model by simulating the mass modeling errors, and the stiffness degradation of 
structural parts was explored at the same time in the other case. It was shown in the research that the FRF method for updating 
findings was resistant to incompleteness, noise, and modeling error [31]. Also, a study examined the benefits of substituting 
unmeasured FRFs with EDTF in an accurate sensitivity equation. Extensive numerical experiments comparing the results of this 
technique with the dynamic expansion of observed mode shapes were done. Both techniques have advantages and disadvantages in 
mitigating the detrimental effects of incomplete measurement [32]. 

On the other hand, the PSD approach for damage detection was investigated in some publications. In a study, the pseudo excitation 
method (PEM) was used to get the dynamic response of structures and the power spectral density sensitivity to damage factors. This 
approach was used to obtain damage parameters repeatedly by the finite element model updating method in two numerical examples, 
including a flat-frame building and a 12-story shear building [33]. A unique algorithm and deterioration index for bridge concrete piers 
were developed. The power spectral density function was utilized to process structural responses. A damage index based on the least 
square distance was developed to diagnose the damage. The suggested algorithm and damage index may reliably identify and locate 
deterioration in bridge piers [34]. An Industrial Engineering researcher hypothesized that the method's accuracy is highly dependent 
on the damage degree. They tested the dependability using a massive dataset of 3500 incidents in a spring model with five degrees 
of structural integrity. When the structural integrity declined by 5%, the reliability plummeted to 95% [35].  

To date, the performance of FRF and PSD methods has been evaluated and compared for a variety of structural systems and follows 
different approaches. For instance, some researchers compared the quasi-linear sensitivity of FRF with the derivation-based sensitivity 
of PSD to develop a sensitivity-based damage detection approach in a numerical frame and an experimental beam model [36]. 
Moreover, in the numerical models of plate and shell structures, updating frequency domain models using PSD to overcome the 
shortcomings of incomplete measurement allowed the sensitivity equation according to measured natural frequencies of a few lower 
modes [37]. Because the performance of frequency-based methods can differ in different types of structures and under different 
conditions, and in addition, construction,  maintenance, and repair costs are essential for structures such as bridges, in this study, the 
performance of these two methods was compared with different approaches for detecting the extent, amount and location of damages 
on a numerical model of a two-dimensional steel truss bridge. For this purpose, these methods were compared by numerical analysis 
of the different elements of the structural system by using sensitivity equations. These equations were solved through the linear least 
square algorithm and model updating approach by monitoring changes in dynamic characteristics such as stiffness and mass of 
undamaged and damaged structural elements. The Closeness Index (CI), the Mean Size Error (MSE), and the Relative Error (RE) 
were used to evaluate the accuracy of predictions. Linearizing equations solve a non-linear relationship between structural parameters 
and observed response. 
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2.- DAMAGE DETECTION METHODS 

Generally, the FRF-based methods extract the structure data by exciting the degrees of freedom (DOF) and conducting measurements 
in the desired DOFs. The selection of these measurement locations has a significant impact on obtaining adequate damage detection 
results. The number of measurement locations is limited practically and economically [38,39]. On the other hand, the PSD- based 
method is a second-order transfer function by a sensitive and utterly non-linear function of structural parameters [33]. The following 
paragraphs present the mathematical background of each technique. 

2.1.- FREQUENCY RESPONSE FUNCTION (FRF) 

FRF is a transfer function (H(ω)) in the frequency domain that relates the displacement response of a structural system with its forces, 
as shown in Fig. 1. Such transfer function is, therefore, representative of the structural behavior of the structure under analysis [13]. 
The transfer function (H(ω)) varies due to changes in mass, damping, and stiffness, making FRF an ideal method for detecting damage. 
Some research has mentioned equations related to the FRF [22],[29-32], [37]. 

 

Fig. 1. Transfer Function of FRF with Input Force to Displacement Response 

 
The analytical equation defining the FRF can be derived from the equation of motion of a structural system with n degrees of freedom: 

𝑴𝒙̈(𝒕) + 𝑪𝒙̇(𝒕) + 𝑲𝒙(𝒕) = 𝒇(𝒕)     (𝟏)              

Where M, C, and K represent the structural system's mass, damping, and stiffness matrices, respectively, f(t) represents 
the input force vector applied to the system, and x(t) is the nodal displacement vector. Assuming that the force input is 
harmonic, exciting force f(t) and the resulting displacement x(t) can be expressed as: 

𝑓(𝑡) = 𝐹(𝜔)𝑒𝑖𝜔𝑡     (2)  

𝑥(𝑡) = 𝑋(𝜔)𝑒𝑖𝜔𝑡     (3)  

Where F(ω) and X(ω) are the displacements and the applied force expressed in the frequency domain, respectively, and ω is the 
excitation frequency of the structure. Substituting Eqs. (2)-(3) in Eq. (1): 

[−𝑀𝜔2 − 𝑖𝜔𝐶 + 𝐾]𝑋(𝜔) = 𝐹(𝜔)     (4)   

The equation can be rewritten to derive the analytical expression for the FRF transfer matrix H(ω): 

𝐻(𝜔) = [−𝑀𝜔2 + 𝑖𝜔𝐶 + 𝐾]−1     (5)  

A formula for changing the transfer matrix when the structural system is damaged from the above equations is given below. To do 
so, on the one hand, we shall consider that the structural response Xi(ω) of a particular degree of freedom i of the system when a 
unitary harmonic load Fl(ω) is applied can be expressed as: 

𝑋𝑖(𝜔) = 𝐻𝑖𝑙(𝜔)𝐹𝑙(𝜔) = 𝐻𝑖𝑙(𝜔)     (6)  

Where Fl(ω) is a vector with every component equal to zero except for the component l, which is equal to one, on the other hand, the 
structural response of a system can also be obtained as a linear superposition of modes: 

𝑋 = ∑ 𝜑𝑟𝑞𝑟
𝑛
𝑟=1       (7)  
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Where 𝜑 is, the mode shape matrix and q represent the modal coordinate matrix. Thus, Eq. (1) can be rewritten as: 

𝑀𝜑𝑟𝑞̈𝑟 + 𝐶𝜑𝑟𝑞̇𝑟 + 𝐾𝜑𝑟𝑞𝑟 = 𝑓(𝜔)      (8)      

Multiplying both sides of Eq. (1) by the transposed mode shape matrix, we get: 

(−𝜔2𝜑𝑟
𝑇𝑀𝛷𝑟 + 𝑖𝜔𝜑𝑟

𝑇𝐶𝛷𝑟 + 𝜑𝑟
𝑇𝐾𝛷𝑟)𝑞̅𝑟 = 𝜑𝑟

𝑇𝐹(𝜔)𝑒𝑖𝜔𝑡     (9)  

This equation can be simplified into: 

(−𝜔2𝑀𝑟 + 𝑖𝜔𝐶𝑟 + 𝐾𝑟)𝑞̅𝑟 = 𝜑𝑟
𝑇𝐹(𝜔)     (10)  

The relation between the mass, damping, and stiffness matrices can also be expressed in modal terms as: 

𝐶𝑟 = 2𝜉𝑟𝜔𝑟𝑀𝑟     (11)  

𝐾𝑟 = 𝑀𝑟𝜔𝑟
2           (12)  

Consequently, we can rewrite Eq. (9) into: 

(−𝜔2 + 𝑖𝜔(2𝜉𝑟𝜔𝑟) + 𝜔𝑟
2)𝑞̅𝑟 = 𝜑𝑟

𝑇𝐹(𝜔) = 𝜑𝑙𝑟      (13)    

By placing Eq. (12) into Eq. (6), we get: 

𝐻𝑖𝑙 = ∑
𝜑𝑖𝑟𝜑𝑙𝑟

𝜔𝑟
2−𝜔2+2𝑖𝜔𝜉𝑟𝜔𝑟

𝑛
𝑟=1       (14)  

Where φr represents the structural mode, ωr is the natural frequency, and ξr is the modal damping. In fact, in the above equation, Ηil 
is the displacement of the degree of freedom i when the unit load excites the degree of freedom l. When the structure has 
deteriorated, the modal response of the system changes as: 

𝜑𝑟𝑑𝑖 = 𝜑𝑟𝑖 + 𝛿𝜑𝑟𝑖        (15)   

Where φrdi represents the mode shape of the damaged structure for the degree of freedom i, and δφri stands for its deformation rate. 
Therefore, Eq. (14) can be rewritten for a damaged structure as: 

𝐻𝑖𝑙𝑑 =̃ ∑
𝜑𝑖𝑟𝑑𝜑𝑙𝑟𝑑

𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑

+ ∑
𝜑𝑖𝑟𝜑𝑙𝑟

𝜔𝑟
2−𝜔2+2𝑖𝜔𝜉𝑟𝜔𝑟

𝑛𝑚
𝑟=𝑛𝑚+1

𝑛𝑚
𝑟=1          (16)   

Eq. (16) approximation is not unrealistic because natural frequencies can be obtained with high accuracy. The second part of the Eq. 
(16) deals with the unmeasured portion of natural frequencies and damping coefficients and reduces the effect of incomplete 
measurement. By inserting Eq. (15) into the first part of Eq. (16), it is derived that: 

𝐻𝑖𝑙𝑑 =̃ 𝐻̃𝑖𝑙 + 𝛥𝐻𝑖𝑙 = ∑
𝜑𝑖𝑟𝜑𝑙𝑟

𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑

+ ∑
𝜑𝑖𝑟𝜑𝑙𝑟

𝜔𝑟
2−𝜔2+2𝑖𝜔𝜉𝑟𝜔𝑟

𝑛
𝑟=𝑛𝑚+1 +𝑛𝑚

𝑟=1

∑
𝜑𝑖𝑟𝛿𝜑𝑙𝑟

𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑

𝑛𝑚
𝑟=1 + ∑

𝛿𝜑𝑖𝑟𝜑𝑙𝑟

𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑

𝑛𝑚
𝑟=1      (17)   

The modal deformation rate δφlr can be obtained by: 

𝛿𝜑𝑙𝑟 =̃ ∑ 𝛼𝑟𝑞𝜑𝑙𝑞
𝑛
𝑞=1      (18)    

Where α can be calculated as follows, by multiplying both sides of Eq. (12) by the mode matrix φq and deriving it, we get: 

𝛿𝐾𝜑𝑞 + 𝐾𝛿𝜑𝑞 = 𝛿𝑀𝜑𝑞𝜔𝑞
2 + 𝑀𝛿𝜑𝑞𝜔𝑞

2 + 2𝑀𝜑𝑞𝜔𝑞𝛿𝜔      (19)   

Sorting Eq. (19) appropriately, the value of α can obtain as: 

{
𝛼𝑟𝑞 =

𝜑𝑞
𝑇(𝛿𝐾−𝜔2𝛿𝑀)𝜑𝑟

(𝜔𝑟
2−𝜔𝑞

2)
      𝑓𝑜𝑟   𝑞 ≠ 𝑟

𝛼𝑟𝑞 = −
𝜑𝑞

𝑇(𝛿𝑀)𝜑𝑟

2
              𝑓𝑜𝑟   𝑞 = 𝑟

      (20)   
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Since the mass changes due to deterioration are usually minor compared to the changes in stiffness, changes in mass are neglected 
when deriving the above equations. Taking this assumption into account (δM= 0), we can rewrite the second term of Eq. (17), 
namely ΔΗil as: 

𝛥𝐻𝑖𝑙 = ∑
𝜑𝑖𝑟𝛿𝜑𝑙𝑟

𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑

𝑛𝑚
𝑟=1 + ∑

𝛿𝜑𝑖𝑟𝜑𝑙𝑟

𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑

𝑛𝑚
𝑟=1 =

 ∑ ∑
𝜑𝑖𝑟(𝜑𝑞

𝑇𝛿𝐾𝜑𝑖)𝜑𝑙𝑞

(𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑)(𝜔𝑖

2−𝜔𝑞
2)

+𝑛
𝑞=1 ∑ ∑

(𝜑𝑞
𝑇𝛿𝐾𝜑𝑖)𝜑𝑖𝑞𝜑𝑙𝑟

(𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑)(𝜔𝑖

2−𝜔𝑞
2)

𝑛
𝑞=1

𝑛𝑚
𝑟=1

𝑛𝑚
𝑟=1      (21)  

Defined the stiffness matrix of healthy (Kh ) and damaged (Kd )  structure as follows: 

𝐾ℎ = 𝐴𝑃𝐴𝑇      (22) 

𝐾𝑑 = 𝐾ℎ + 𝛿𝐾 = 𝐴(𝑃 + 𝛿𝑃)𝐴𝑇    (23)  

The matrix A is a function of the geometric properties of the elements, and the diagonal matrix P contains mechanical properties (like 
bending and axial stiffness). If we consider that the stiffness changes are reflected in changes in the P matrix, we will have: 

𝛿𝐾 = 𝐴𝛿𝑃𝐴𝑇     (24)   

Finally, if we place Eq. (24) into Eq. (21), we get an analytical expression for the variations in the transfer matrix due to deterioration 
of the structural system: 

𝛥𝐻𝑖𝑙 = [∑ ∑
𝜑𝑖𝑟(𝜑𝑞

𝑇 𝐴𝑑𝑖𝑎𝑔(𝐴𝑇𝜑𝑟))𝜑𝑙𝑞

(𝜔𝑟𝑑
2 − 𝜔2 + 2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑)(𝜔𝑖

2 − 𝜔𝑞
2)

𝑛

𝑞=1

𝑛𝑚

𝑟=1

+ ∑ ∑
𝜑𝑖𝑞(𝜑𝑞

𝑇 𝐴𝑑𝑖𝑎𝑔(𝐴𝑇𝜑𝑟))𝜑𝑙𝑟

(𝜔𝑟𝑑
2 − 𝜔2 + 2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑)(𝜔𝑖

2 − 𝜔𝑞
2)

]𝛿𝑃
𝑛

𝑞=1

𝑛𝑚

𝑟=1
= 𝑆𝐻𝛿𝑃      (25) 

 

2.2.- POWER SPECTRAL DENSITY (PSD) 

FRF methods rely on an adequate monitorization of the structure to be analyzed. Given that it is neither practical nor economical to 
excite and monitor every degree of freedom of a structure, PSD-based methods are recognized as an alternative to overcome such 
limitations of FRF damage detection methods. Based on the equations in random vibrations, the spectral density function of a structural 
response can be expressed as following equations according to some research on the PSD method [33], [36,37]. 
 

𝑆𝑋𝑋 = 𝐻𝑆𝑓𝑓𝐻𝑇     (26)  

SXX is the output response PSD function, Sƒƒ is the input response PSD function, and Η is the transference function presented in the 
previous section. Taking into account Eq. (17), SXX can be obtained for a damaged structural system as: 

𝑆𝑥𝑥𝑑 =̃ 𝐻̃𝑆𝑓𝑓𝐻̃𝑇 + 𝛥𝐻𝑆𝑓𝑓𝐻̃𝑇 + 𝐻̃𝑆𝑓𝑓𝛥𝐻𝑇 + 𝛥𝐻𝑇𝑆𝑓𝑓𝛥𝐻𝑇      (27)  

From the above, it can be derived that the variation of the output response PSD function when the structural system under analysis is 
damaged can be expressed as follows: 

𝛥𝑆𝑥𝑥 = 𝑆𝑥𝑥𝑑 − 𝐻̃𝑆𝑓𝑓𝐻̃
𝑇

= 𝛥𝐻𝑆𝑓𝑓𝐻̃
𝑇

+ 𝐻̃𝑆𝑓𝑓𝛥𝐻𝑇      (28) 

Assuming the value of ΔΗ deduced in Eq. (25), we can rewrite Eq. (28) as: 

𝛥𝑆𝑥𝑥 =̃ [𝑆𝐻𝑆𝑓𝑓𝐻̃
𝑇

+ 𝐻̃𝑆𝑓𝑓𝑆𝐻
𝑇

] 𝛿𝑃        (29) 

Taking into consideration the analytical expression of SΗ presented in Eq. (25), we can formulate the final sensitivity equation as: 

𝑆𝑠 = 𝑆𝐻𝑆𝑓𝑓𝐻̃𝑇 + 𝐻̃𝑆𝑓𝑓𝑆𝐻
𝑇     =

[∑ ∑
𝜑𝑖𝑟(𝜑𝑞

𝑇 𝐴𝑑𝑖𝑎𝑔(𝐴𝑇𝜑
𝑟

))𝜑𝑙𝑞

(𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑)(𝜔𝑖

2−𝜔𝑞
2)

+𝑛
𝑞=1 ∑ ∑

𝜑𝑖𝑞(𝜑𝑞
𝑇 𝐴𝑑𝑖𝑎𝑔(𝐴𝑇𝜑

𝑟
))𝛷𝑙𝑟

(𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑)(𝜔𝑖

2−𝜔𝑞
2)

] 𝑆𝑓𝑓[∑
𝜑𝑖𝑟𝜑𝑙𝑟

𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑

𝑛𝑚
𝑟=1 +𝑛

𝑞=1
𝑛𝑚
𝑟=1

𝑛𝑚
𝑟=1
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 ∑
𝜑𝑖𝑟𝜑𝑙𝑟

𝜔𝑑
2−𝜔2+2𝑖𝜔𝜉𝑑𝜔𝑑

]𝑇 + [∑
𝜑𝑖𝑟𝜑𝑙𝑟

𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑

𝑛𝑚
𝑟=1 +𝑛

𝑟=𝑛𝑚+1

 ∑
𝜑𝑖𝑟𝜑𝑙𝑟

𝜔𝑑
2−𝜔2+2𝑖𝜔𝜉𝑑𝜔𝑑

]𝑆𝑓𝑓[∑ ∑
𝜑𝑖𝑟(𝜑𝑞

𝑇  𝐴𝑑𝑖𝑎𝑔(𝐴𝑇𝜑
𝑟

))𝜑𝑙𝑞

(𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑)(𝜔𝑖

2−𝜔𝑞
2)

+𝑛
𝑞=1 ∑ ∑

𝜑𝑖𝑞(𝜑𝑞
𝑇 𝐴𝑑𝑖𝑎𝑔(𝐴𝑇𝜑

𝑟
))𝜑𝑙𝑟

(𝜔𝑟𝑑
2 −𝜔2+2𝑖𝜔𝜉𝑟𝑑𝜔𝑟𝑑)(𝜔𝑖

2−𝜔𝑞
2)

]𝑇  (30)  𝑛
𝑞=1

𝑛𝑚
𝑟=1

𝑛𝑚
𝑟=1

𝑛
𝑟=𝑛𝑚+1   

Finally, the PSD function can be formulated as: 

𝛥𝑆𝑥𝑥 =̃ 𝑆𝑠𝛿𝑃        (31) 

 

Where δΡ represents the structural changes in the system's stiffness resulting from deterioration, by solving Eq. (31), the changes in 
stiffness for damaged structures can be calculated by comparison with the response of the undamaged structure using the least square 
method. This equation is solved through iteration. The stiffness matrix of the undamaged structure is updated according to the 
calculated stiffness change, thus modifying the PSD in every iteration and model updating and cause made more accurate damage 
prediction. The difference obtained between the damaged and the undamaged structure is as much as the damage aimed to evaluate.  

 

3.- NUMERICAL EXAMPLE 

The presented damage detection algorithm was applied to an eight-bay truss structure with the geometry, connectivity, and active 
DOFs shown in Fig. 2. Each span is 1.5m for a total of 12m. The structure is modeled numerically using the finite element method with 
structural elements stressed with axial loads. Truss elements are made from steel with Young’s modulus of 200Gpa, a mass density 
of 7300 kg/m3. The structure consists of 35 steel elements connected by 16 nodes. The cross-sectional areas for elements 1–8 (top 
chord), 9–16 (Bottom chord), 17–23 (vertical), and 24–35 (Diagonal bracing) are respectively 1.8, 1.5, 1.0, and 1.2 (cm2). Considered 
29 active DOFs, with 2 degrees of freedom per node (Fig. 2(b)). Nodes can only move horizontally and vertically except for node 1, 
where no displacement is allowed, and node 9, where only horizontal motions are allowed. Every system element has steel material 
attributes. 
 

 
(a)  

 
(b) 

Fig. 2. The trust model information: (a) Geometry; (b) Active degree of freedom direction  

In this model, loads are applied at the structure's nodes so that only axial forces act on each element. Therefore, the structure's 
stiffness is given by the axial stiffness of the truss elements, defined by their cross-sectional area and the modulus of elasticity of the 
assumed material. A decrease in the steel modulus of elasticity shows how the steel will degrade since these values are assumed to 
remain constant. 
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The injury scenarios considered to determine the differences in the accuracy of the FRF and PSD damage detection methods are 
presented in Table 1 below. In order to identify more groups of possible damage to the structure, it is assumed that the damages can 
differ in each scenario. 

Damage Mode Element Number Percentage of Damage 

Scenario 1 
5 30 

14 50 

Scenario 2 

14 40 

16 50 

23 60 

Scenario 3 

3 30 

11 30 

32 30 

35 30 

Scenario 4 

7 30 

19 40 

27 50 

Scenario 5 

2 30 

9 40 

13 50 

29 40 

33 30 

Scenario 6 

10 30 

17 30 

26 30 

34 30 

Scenario 7 
6 40 

20 70 

Scenario 8 

8 30 

24 40 

31 60 

Table 1. Damage scenarios considered  

 
Damages in different structures can appear in different ways, which in concrete structures are usually on the surface and deep cracks 
on the structural elements. In steel structures, it appears as corrosion and rust in coastal environments. It shall be noted that there are 
not all the damage types that may appear on a structure. However, for simplicity and interpretation of the results, the actual comparative 
research is focused solely on deterioration caused naturally. The truss structure is modeled numerically using the finite element method 
by the Software. 
 
 

3.1.- CALIBRATION OF THE NUMERICAL MODEL 

Excitation frequency ranges, selection, number and location of measurements, and simulation DOFs all play a role in the success of 
a model updating scheme using FRF and PSD data. For this purpose, selected a scenario of damage in Table 1 and used different 
DOFs set groups in Table 2 as base data for assessment by one of these methods. In this study, for selecting suitable DOFs set as 
the base data of the measurement locations and excitation loads data for analysis of the eight damage prediction scenarios, some 
groupsets were considered in Table 2 mentioned four of them as samples. The rotating DOFs were not subjected to stimulation or 
measurement. Each set was analyzed by the FRF method to predict damage percent in the structure for the first scenario from Table 
1. 
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Sets Measurements DOFs Stimulations DOFs 

Test according to scenario 1 

Predicted damage (%) RMSE* 

Element 5 Element 14 

1 3-9-14-22-24 8-11-13-17-18-25 -5 25 30.4% 

2 4-11-13-21-27 6-7-12-17-18-23 20 -5 39.5% 

3 4-7-10-25-27 4-7-11-16-20-25 -8 -8 49.0% 

4 9-13-15-17-19 7-9-11-14-17-18-27-28 40 48 7.2% 

*RMSE: The Root Mean Square Error 

Table 2. The measurements and stimulation DOFs set  

 

Table 2 shows the RMSE for scenario1 through the fourth set of the measurements and stimulations DOFs set are less than other 
sets. So, as base data to analyses in software for damage prediction by FRF and PSD methods for the eight damage scenarios of 
Table 1, the  DOFs 9, 13, 15, 17, and 19 are selected as the measurement locations, and DOFs 7, 9, 11, 23, 25, and 29 as excitation 
loads were assumed. 
Due to imperfections such as ambient noise, FE modeling mistakes, and measurement errors, inevitable errors, and variances in finite 
element model update results are inevitable. To test the suggested method's resilience against measurement error, 10% random error 
is considered for each FRF and PSD method. 
 
For scenario 1, Figure 3 illustrates the comparison of the FRFs of damaged and undamaged buildings determined from vibration 
testing.  
 

 
Fig. 3. Comparison of the FRFs according to the damaged and undamaged elements for the scenario1 
 
 
As Fig. 3, responses frequency by the FRF for undamaged and damaged structures was used to determine the structure damage 
situation. The diagram also shows that the first scenario using the FRF method at low frequencies is almost ineffective and gradually 
increases with increasing frequency at the selected excitation fourth set in Table 2, which indicates an increase in damage and a 
decrease in stiffness of some elements. The FRF data for the damaged structure was moved from the undamaged structure due to 
the structure's loss of stiffness due to the damage. 
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4.- RESULTS AND DISCUSSION 

Each damage detection method, such as FRF and PSD Function, was compared with its anticipated damage rate on software and the 
actual damage rate in each damaged situation in Table 1 for comparison and assessment using MATLAB software and the formulae 
and equations. 

As shown in Figure 4, the damage prediction results for each of the eight damaged situations in Table 1 are shown in a chart bar for 
each technique in Table 1. 

 
(a) Scenario 1 

 
(b) Scenario 2 

 
(c) Scenario 3 
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(d) Scenario 4 

 
(e) Scenario 5 

 
(f) Scenario 6 

 
(g) Scenario 7 
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(h) Scenario 8 

Fig. 4 Comparison of The Predicted Damage with FRF and PSD methods and for different scenarios 
 
 

In Figure 4, the teal damages are damaged elements from scenarios considered in Table 1 as actual damages. After analysis, the 
percentage of predicted damages by FRF and PSD method for each scenario is compared according to the same conditions. 
 
Three alternative error assessments are examined to quantify the quality of the predictions, namely the Closeness Index (CI), the 
Mean Size Error (MSE), and the Relative Error (RE) [29]. 
The Closeness Index indicates how close the predicted amount of damage has relation to the actual damage of the structure: 

𝐶𝐼 = 1 −
|𝛿𝑝𝑝−𝛿𝑝𝑎|

|𝛿𝑝𝑎|
                              (32)  

Where δΡΡ is the predicted damage, and δΡa is the actual damage in each of the considered damage scenarios. A value of the 
closeness index equal to 1 means an exact fit of the prediction. The MSE is the average of the absolute differences between the actual 
and the predicted damage: 

𝑀𝑆𝐸 =
1

𝑛
∑ |𝛿𝑝𝑎𝑖 − 𝛿𝑝𝑝𝑖|𝑛

𝑖=1             (33)      

The n denotes the number of structural elements. 
The Relative Error Index of a prediction shall be calculated as: 

𝑅𝐸 =
∑ |𝛿𝑝𝑎𝑖|−∑ |𝛿𝑝𝑎𝑖|𝑛𝑖

𝑖=1
𝑛
𝑖=1

∑ |𝛿𝑝𝑎𝑖|𝑛𝑖
𝑖=1

                  (34)  

 
Fig. 5 shows the results of the abovementioned error indices for the two prediction methods. It can be observed that, in general, PSD 
shows better CI results, with prediction errors ranging from 0.36 to 0.73. As far as MSE is concerned, for the damage scenario 2, PSD 
presents slightly worse results than FRF. It shall be noticed that the error regarding damage scenario 5 is, as in the case of CI 
evaluation, the scenario with the highest error for both detection methods. This equation can attribute to the model's numerical errors 
rather than the goodness of predictions. At last, the RE results do not show sensitivity to the damage scenario under study, presenting 
prediction errors that do not exceed 0.63 in the worst case. In general, PSD-based predictions result in lower RE values than those 
derived from the FRF method. 
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(a) Closeness Index 

 
(b) Mean Size Error 

 
(c) Relative Error 

Fig. 5 Error Indices results for The Two methods of Damage Detection for the eight scenarios 

 
 

The average achieved for PSD and FRF in the three error metrics studied here is shown in Table 3. In addition, for each detection 
technique, the interquartile range (IQR) was determined to define the statistical dispersion of the data. 
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Methods 
CI MSE RE 

Average IQR Average IQR Average IQR 

FRF 0.529 0.355 1.351 2.644 0.281 0.433 

PSD 0.575 0.303 1.246 2.30 0.221 0.352 

*IQR: The interquartile range measurements 

Table 3. Summary of Average Errors and IQR 

 

In comparison to FRF, PSD performs better in terms of average results for each of the three error measures evaluated, with an average 
CI closer to one and average MSE and RE values closer to zero. In each of the three error measurements, PSD displays IQR values 
that are lower than those obtained using the FRF approach. According to the findings obtained for the case study under consideration, 
PSD outperformed FRF and provides more trustworthy damage prediction predictions. 

As previously investigated based on numerical results, FRF and PSD methods have been compared on a numerical model of a 2D 
one story by one bay steel frame and a laboratory concrete beam vibration test [36]. The comparison result with the FRF made only 
on two groups of damage scenarios based on sensitivity equations showed the PSD method's performance in detecting the location 
and extent of damages [36]. 

However, the research analysis results on the steel truss bridge almost confirmed some of the other results on a steel one-bay frame 
and the concrete beam [36], and also some comparison mentions on a plate and a shall shape structure model without numerical 
analysis result through the FRF method [37], show that the PSD method is more sensitive than FRF method in structural parameter 
changes, especially in the natural frequency range. While in other structural model shapes, for the low-frequency range and low or 
noise-free conditions, the FRF method was more accurate than PSD, this study on truss shape shows that the PSD method also has 
an almost more accurate and reliable performance in the low and medium-frequency ranges as calculated by software analyses. Thus, 
future studies are required to identify what method, PSD or FRF, performs best in detecting damages for different types of structural 
systems, materials, or structural variables.  

 

5.- CONCLUSIONS 

Because damage detection in infrastructures such as bridges is critical, the current research examines the performance and accuracy 
of two dynamic and non-destructive approaches based on FRF and PSD in determining the amount of damage in the structural 
elements of a truss steel bridge. This comparison was made under the same conditions and with the DOFs' excitation and 
measurement properties. The quantified damages in this truss were predicted by analyzing these methods according to their solutions 
to sensitivity equations through the linear least-square algorithm and model updating approach. For analyzing each method, changes 
in dynamic characteristics such as stiffness and mass in undamaged and damaged structural elements were monitored. This issue is 
solved by linearizing equations, which is an inverse problem since the link between structural parameters and observed response is 
intrinsically non-linear. For a more accurate evaluation, The error Indices results were calculated. In particular, errors obtained with 
PSD-based prediction show average CI and MSE errors that were 8.5% lower than those obtained with FRF based and 27% lower 
when considering RE. Regarding statistical dispersion, PSD results in IQR values between 14% and 23% lower than the dispersion 
observed when applying the FRF method. 
In summary, since comparing methods for detecting and predicting structural damage can show each method's superiority or lack of 
superiority depending on the conditions and structure, it is best to compare their performance. To improve the comparability of these 
methods, they should be tested on a variety of structures, conditions, and materials. For the particular case study analyzed here, 
comparing the numerical results of the two methods revealed that the PSD is more accurate in predicting and diagnosing structural 
element damage in a metal truss structure with oblique elements than FRF. 
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